Abstract. We study Cohen-Macaulay actions, a class of torus actions on manifolds, possibly without fixed points, which generalizes and has analogous properties as equivariantly formal actions. Their equivariant cohomology algebras are computable in the sense that a Chang-Skjelbred Lemma, and its stronger version, the exactness of an Atiyah-Bredon sequence, hold. The main difference is that the fixed point set is replaced by the union of lowest dimensional orbits. We find sufficient conditions for the Cohen-Macaulay property such as the existence of an invariant Morse-Bott function whose critical set is the union of lowest dimensional orbits, or open-face-acyclicity of the orbit space. Specializing to the case of torus manifolds, i.e., 2r-dimensional orientable compact manifolds acted on by r-dimensional tori, the latter is similar to a result of Masuda and Panov, and the converse of the result of Bredon that equivariantly formal torus manifolds are open-face-acyclic.
Introduction
In the theory of equivariant cohomology, the class of equivariantly formal actions of a real torus T on a compact manifold M is certainly one of the most intensely studied. On the one hand, it comprises many important examples, such as Hamiltonian torus actions on compact symplectic manifolds, and on the other hand such actions have many beautiful properties, e.g. the equivariant cohomology H * T (M ) is determined by the 1-skeleton of the action as proven by Chang and Skjelbred [ChSk 1974, Lemma 2.3], and thereby explicitly computable [GKM 1998 , Theorem 1.2.2] via what is nowadays called GKM theory, see e.g. [GuZa 2001 ]. To our knowledge, the only known big classes of actions on manifolds for which the (S(t * )-algebra structure of the) equivariant cohomology is explicitly computable are either equivariantly formal or have only one isotropy type.
A geometric property of equivariantly formal actions is that their minimal strata consist of fixed points. The fixed point set of an action plays an important role in the whole theory, as shown by e.g. the famous localization theorems. A basic example of its relevance is that it encodes the rank of H * T (M ) as a module over S(t * ).
The motivating question for our work was the following: Is there a suitable generalization of equivariant formality that also covers actions without fixed points?
From the point of view of computability of H * T (M ), the answer to this question is implicit in the proof of the exactness of the so-called Atiyah-Bredon sequence [Bre 1974 ] (Theorem 4.4, see also [FrPu 2003 ]), which can be regarded as an extension of the Chang-Skjelbred Lemma; the relevant property of H * T (M ) for the proof is not that it is a free module, but that it is a Cohen-Macaulay module of Krull dimension dim T .
The notion of Cohen-Macaulay action encompasses both equivariantly formal actions and actions with only one isotropy type, including locally free actions. Namely, if the action is equivariantly formal, i.e., H we relax well-known sufficient conditions for equivariant formality in a way that we retain the Cohen-Macaulay property: (Theorem 7.1) Theorem. If the action admits a T -invariant Morse-Bott function with critical set M b , then the action is Cohen-Macaulay.
and (Theorem 8.1)
Theorem. If the T -manifold M admits a T -invariant disk bundle decomposition satisfying the properties of Theorem 8.1, then the action is Cohen-Macaulay.
In every case, the philosophy is to replace the fixed point set by the union of lowest dimensional orbits.
The second half of the paper is dedicated to the question whether it is possible to give conditions on the orbit space of the action that imply that the action is Cohen-Macaulay. In Section 9, we prove an algebraic characterization of injectivity of the restriction map H * T (M ) → H * T (B), where B is the bottom stratum of the action, i.e., the union of the minimal strata. This yields as a corollary the geometric statement (Theorem 9.6)
Theorem. If the orbit space of the T -action is almost open-face-acyclic, then H * T (M ) → H * T (B) is injective.
Masuda and Panov [MaPa 2006 ] proved that a torus manifold, i.e., an orientable compact 2 dim T -dimensional manifold with fixed points, is equivariantly formal with respect to Z-coefficients if and only if it is locally standard and its orbit space is closed-face-acyclic. In Section 10 we show (Corollary 10.7, Theorem 10.24)
Theorem. If T acts effectively on an orientable compact manifold M with openface-acyclic orbit space, then dim M = 2 dim T −b and the action is Cohen-Macaulay.
Here b is the lowest occuring orbit dimension. To a large extent, our proof uses the ideas of Masuda and Panov; however, there are several differences: Most importantly, several special features such as the so-called canonical models [MaPa 2006, Section 4 .2], see Davis and Januszkiewicz [DaJa 1991, Section 1.5], or the equivalent characterization of equivariant formality via H odd (M ) = 0, are not available in our setting. Our chain of arguments instead relies on the fact that equivariant injectivity holds a priori by the results in Section 9, and various other modifications.
Our result states that actions on 2 dim T -dimensional orientable compact manifolds with open-face-acyclic orbit space are equivariantly formal. The converse of this statement was proven by Bredon [Bre 1974 , Corollary 3]; we therefore obtain (Theorem 10.25):
Theorem. A T -action on an orientable compact manifold M with dim M = 2 dim T is equivariantly formal if and only if its orbit space is open-face-acyclic.
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Preliminaries
Throughout this paper, T = (S 1 ) r will denote an r-dimensional real torus. We will use several cohomology theories, always with R as coefficient ring. All of them are defined for arbitrary (T -)spaces, but have an equivalent description in the case of a differentiable manifold (with a differentiable T -action). H * denotes singular (or deRham) cohomology. For a T -space X, H * T (X) denotes equivariant cohomology of the T -action, i.e., the cohomology of the Borel construction X T = X × T ET [BBFMP 1960 , Hsi 1975 . In the differentiable case this coincides with equivariant de Rham cohomology, see e.g. [GuSt 1999 ]. We will use the Cartan model H *
, where S(t * ) is the symmetric algebra on the dual of the Lie algebra t of T , Ω(X)
T consists of the T -invariant differential forms on X, and d T is the equivariant differential.
Given a T -action on an arbitrary space X, the basic cohomology H * bas (X) will be understood as the singular cohomology of the quotient X/T . In the differentiable case this coincides with the usual definition of basic cohomology [Mic 2008, Theorem 30 .36]: a differential form ω is basic if it is horizontal, i.e., the contractions with the T -fundamental vector fields vanish, and T -invariant. Then
) is the complex of basic forms, with d the restriction of the usual differential.
The projection X T → X/T naturally induces a map
which in the differentiable case can also be seen to be induced by the inclusion of complexes (Ω There are also relative and compactly supported versions of equivariant and basic cohomology, where the latter will be denoted by an additional index, e.g. H
In case T acts locally freely on an orientable manifold M , then M/T is an orientable orbifold and hence [Sat 1956 ] there is Poincaré duality for basic cohomology:
For a T -action on a manifold M and any subspace k ⊂ t, let M k be the common zero set of all fundamental vector fields induced by k. In other words, M k is the fixed point set of the action of the connected Lie subgroup of T with Lie algebra k. For p ∈ M , let M p be the connected component of M tp that contains p. A point is regular if its isotropy algebra is minimal among all isotropy algebras, and nonregular points are called singular. The regular set of the T -action on M is denoted M reg , and the singular set M sing . The respective regular and singular sets of the T -action on . By definition, the bottom stratum B of the action is the union of those minimal elements:
(Strictly speaking, one should refer to B as the infinitesimal bottom stratum, as for the definition of regularity of a point we only consider its isotropy algebra instead of its isotropy group.) The set of fixed points M t is contained in B.
For i ≥ 0, let M i be the union of orbits of dimension ≤ i. Clearly,
Furthermore, we define M (i) = M i \ M i−1 to be the union of orbits of dimension equal to i. The M (i) are disjoint unions of submanifolds of type M p reg . In general, M i is not a submanifold of M , but still it is an equivariant strong deformation retract of some neighborhood in M (or M i+1 ). Of importance will be the cohomology of the pair (M i , M i−1 ). For later use, we note that
General lemmata
In this section, we collect some more or less well-known lemmata on equivariant cohomology. If A is a finitely generated graded S(t * )-module, we define the support of A as in [GuSt 1999, Section 11.3] to be the set of complex zeroes of the annihilator ideal of A:
Because A is graded, the annihilator ideal is a graded ideal, and supp A is a conic subvariety of t ⊗ C, i.e., for x ∈ supp A and λ ∈ C we have λx ∈ supp A. For an element α ∈ A, we define the support of α to be the support of the submodule of A generated by α: supp α = supp S(t * )α. Clearly, for every α ∈ A we have supp α ⊂ supp A.
Lemma 3.1. Let a torus T act on a manifold M . If K ⊂ T is any (not necessarily closed) Lie subgroup that acts trivially on M and K ⊂ T a subtorus of T such that 
Thus, k ⊗ C ⊂ supp ker i * . Since for any α ∈ ker i * , we have supp α ⊂ supp ker i * , we obtain k ⊗ C ⊂ supp α.
Conversely, let α ∈ ker i * and choose a subtorus (1) The action is locally free.
Proof. We show (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (1). If the action is locally free, H It is clear that (3) implies (4), so it remains to show that (4) implies (1). Clearly, the complexification of every isotropy algebra k is contained in the support of 1, because 1 is not in the kernel of H *
Thus, if the support of 1 is {0}, the action is locally free.
Equivariant formality
The T -action on M is equivariantly formal in the sense of [GKM 1998 ] if the cohomology spectral sequence associated with the fibration M × T ET → BT collapses at E 2 . The following are well-known equivalent characterizations of equivariant formality: [Hsi 1975 Also the following proposition is fairly standard. One way to prove it is as an application of characterization (2) Proposition 4.1. If the T -action on M is equivariantly formal, then for any subtorus K ⊂ T , the T /K-action on M k is equivariantly formal.
The next lemma can be proven as a direct application of characterization (2) above. The following corollary appears (with a different proof) as Theorem 11.6.1 in [GuSt 1999] , and as Proposition C.28 in [GGK 2002 ].
Corollary 4.3. If the T -action on M is equivariantly formal and K ⊂ M is any subtorus, each connected component of M k contains a T -fixed point. In other words: the bottom stratum of an equivariantly formal action is equal to the set of fixed points.
Proof. This follows from Proposition 4.1 and Lemma 4.2 because every equivariantly formal action has a fixed point.
The relevance of the notion of equivariant formality emerges from the fact that the equivariant cohomology of spaces satisfying this condition is (relatively) easy to compute, thanks to the exact sequence The following characterization of equivariant formality is an extension of the exact sequence above. 
In this sequence, the maps H * 
One way to see this is to regard the maps in the sequence as differentials in the spectral sequence associated to the filtration
The assumption implies that this spectral sequence collapses, and because it converges to H * (M ), the statement follows. This argument was used in [Bre 1974, p. 846] . It can also be proven by hand: for the injectivity of
, a straightforward diagram chase shows that that for every j ≥ i, we have ker(
Cohen-Macaulay modules over graded rings
In the literature, the Cohen-Macaulay property usually is considered for modules over Noetherian (local) rings. In our situation, it is natural to consider the graded version of this concept.
Using the language of e.g. [BrHe 1993, Section 1.5], a graded ring R (graded over the integers) is *local if it has a unique *maximal ideal, where a *maximal ideal is a graded ideal m = R which is maximal among the graded ideals. Thus, S(t * ) is a Noetherian graded *local ring. Note that in general a *maximal ideal is not necessarily maximal.
Let R be a Noetherian graded *local ring, with *maximal ideal m. Then the depth of a finitely generated graded module A over R is defined as the length of a maximal A-regular sequence in m:
The Krull dimension of A, denoted dim A, is defined as the Krull dimension of the ring R/Ann(A), where Ann(A) = {r ∈ R | rA = 0}, i.e., the supremum of the lengths of chains of prime ideals in R containing Ann(A).
Definition 5.1. A finitely generated graded module A over a Noetherian graded *local ring R is Cohen-Macaulay if depth A = dim A.
Instead of working with the graded notions, we could equally well localize everything at the *maximal ideal (as e.g. Franz and Puppe [FrPu 2003 ] do it in their proof of the exactness of the Atiyah-Bredon sequence for other coefficients), because of the following proposition:
Proposition 5.2. Let A be a finitely generated graded module over a Noetherian graded *local ring R with *maximal ideal m such that R/m is a field (e.g. R = S(t * )). Then the following conditions are equivalent:
(1) A is Cohen-Macaulay over R (2) A m is Cohen-Macaulay over the local ring R m (3) A m is Cohen-Macaulay over the local ring R m for all (not necessarily graded) maximal ideals m ⊂ R.
If these conditions are satisfied, then the Krull dimensions of the R-module A and the R m -module A m coincide.
Proof. The equivalence of (2) and (3) We only explain the equivalence of (1) The proof implies that for a finitely generated module over an arbitrary Noetherian graded *local ring R, the inequality depth A m ≤ dim A m for the localized module A m over R m translates to the corresponding one for A: if A = 0, then
For later use, we collect some well-known lemmata on Cohen-Macaulay modules. The first two, which describe how depth and the Cohen-Macaulay property behave with respect to short exact sequences, will be crucial for all our proofs that the equivariant cohomology of actions with certain properties is Cohen-Macaulay. , it implies that n ≤ depth B ≤ dim B = n, since depth B ≤ dim B in any case. In case (2) and A = 0, the lemma implies that n ≤ depth A ≤ dim A ≤ n.
Remark 5.5. If A and B are Cohen-Macaulay of the same Krull dimension n and C = 0, then C is not necessarily Cohen-Macaulay of Krull dimension n. For example, consider the short exact sequence 0
Example 5.6. If a T -action on a compact manifold M and i is such that
where t j is the unique isotropy algebra of M Proof. We only need to show dim B ≥ dim A. Let p ∈ Ass(B) be an associated prime ideal of B, i.e., p is the annihilator of some element in B. Because B p = 0, we have dim B ≥ dim R/p. Furthermore, Proposition 1.2.13. of [BrHe 1993 ] is true in the graded setting, and hence dim R/p ≥ depth A = dim A.
Cohen-Macaulay actions
In this section, we introduce our main object of study. Examining the proof that equivariant formality implies the exactness of the Atiyah-Bredon sequence [Bre 1974 ] (see also [FrPu 2003 ]), one sees that the relevant property of H * T (M ) is not that it is a free S(t * )-module, but that it is a Cohen-Macaulay module of Krull dimension r = dim T .
It is proven in [FrPu 2003, Proposition 5.1] that for any T -action on M the Krull dimension of the S(t * )-module H * T (M ) equals the dimension of a maximal isotropy algebra (i.e., the Lie algebra of an isotropy group).
Definition 6.1. Let T act on a compact manifold M . We say that the action is Cohen-Macaulay if H * T (M ) is a Cohen-Macaulay module over S(t * ).
If b denotes the lowest occuring dimension of a T -orbit, i.e.,
With this definition, Theorem 4.4 is still valid in the sense of the following Theorem.
Theorem 6.2. Let T act on a compact manifold M , and denote by b the lowest occuring dimension of a T -orbit. Then the following conditions are equivalent:
(1) The action is Cohen-Macaulay (2) The sequence
→ 0 (which we will refer to as the Atiyah-Bredon sequence) is exact.
Proof. For the proof of (1) ⇒ (2), we follow [FrPu 2003 ] closely. The proof of (2) ⇒ (1) naturally reverses the arguments of (1) ⇒ (2).
Without loss of generality, we can assume that the action is effective, i.e., M = M r and M sing = M r−1 . For both directions we will use the following consequence of the localization theorem, see [FrPu 2003, Lemma 4 .4], (6.1) dim H * T (M, M j ) ≤ r − j − 1 and the fact that exactness of the Atiyah-Bredon sequence is equivalent to the exactness of the sequences
Assuming the action is Cohen-Macaulay, we prove by induction that (6.2) is exact and that H *
For the exactness of (6.2), we show that H *
is Cohen-Macaulay of Krull dimension r − j, the image of H * T (M, M j ) under the map in question is, by Lemma 5.7, either zero or has Krull dimension r − j as well. But on the other hand, (6.1) implies that its Krull dimension is at most r − j − 1, hence the image vanishes and (6.2) is exact. Because depth H * T (M j , M j−1 ) = r − j by Example 5.6, Lemma 5.3 implies that depth H * With this reduction one can alternatively deduce the theorem above from Theorem 4.4 (respectively a version for more general spaces than differentiable manifolds). Modulo the fact that M/K is not a manifold, also the results in Section 7 and 8 (but not 9 and 10) could be derived similarly. We believe however that is is illuminating to see that the existing proofs can easily be modified from the equivariantly formal to the Cohen-Macaulay setting. 
The following lemma is obvious. 
Morse-Bott functions
It is well-known that a T -action admitting a Morse-Bott function whose critical set is the fixed point set of the action is equivariantly formal. Replacing the fixed point set by the set of lowest dimensional orbits, we obtain the following generalization of this criterion:
Theorem 7.1. Assume T acts on a compact manifold M , and let b be the dimension of the smallest occuring orbit. If there exists an invariant Morse-Bott function f whose critical set is equal to a union of connected components of M b , then the action is Cohen-Macaulay. Moreover, if κ 0 is the absolute minimum of f , then
Proof. For a real number a, let
Let κ be a critical value of f , and B 
The two vertical arrows on the left are isomorphisms (one because of excision, and the other is the inverse of the Thom isomorphism), and because D − B κ i has no T 
is injective and we obtain short exact sequences 
Equivariant disk bundle decompositions
In this section, we will prove a generalization of a theorem of Harada, Henriques and Holm, see [HHH 2005 ], in particular Theorem 2.2 of the unpublished version. For us, a cell bundle is a T -equivariant oriented disk bundle over a compact T -manifold Y . The dimension of a cell bundle is the fiber dimension.
We say that a compact manifold M has a T -invariant disk bundle decomposition if it can be built from a union of zero-dimensional cell bundles, and successively attaching cell bundles. The attaching maps are not required to map the boundary into smaller dimensional cell bundles.
Theorem 8.1. Let k be a fixed integer. Let M be a compact T -manifold that admits a finite T -invariant disk bundle decomposition into finitely many even-dimensional cell bundles E → Y that satisfy the following conditions:
(1) T acts on Y with only one local isotropy type of dimension k
Then the action is Cohen-Macaulay. We claim that in the long exact sequence of the pair (M i+1 , M i ), the boundary operator vanishes. For this, it is sufficient to show that H odd T (M i+1 , M i ) = 0. Let E → Y be the cell bundle that gets attached to M i . Denote its dimension by 2d and the unique isotropy algebra of Y by t Y . Then
Thus, the boundary operator in the long exact sequence of the pair (M i+1 , M i ) vanishes and we obtain a short exact sequence
is also Cohen-Macaulay of Krull dimension k by Lemma 5.4.
Equivariant cohomology and the bottom stratum
Although it is not an equivalent characterization of equivariant formality, the injectivity of the restriction map H *
is an important property of equivariantly formal actions. In this section, we replace M t by the bottom stratum B of the action, and find an algebraic characterization of injectivity of H * T (M ) → H * T (B) which has an interesting geometric consequence, see Theorem 9.6. This will be applied in Section 10.
If T acts on a manifold N , then we say that α ∈ H * T (N ) is invisible if no complexified nonregular isotropy algebra of the T -action on N is contained in supp α. If N is compact, this is by Lemma 3.2 equivalent to saying that for every nonregular isotropy algebra k of the action, α is in the kernel of H *
. This motivates the terminology.
Proposition 9.1. Let T act on a compact manifold M , and let B denote the bottom stratum of the action. Then the natural map
is injective if and only if for every p / ∈ B, H * T (M p ) does not contain any invisible element.
Proof. Assume first that α ∈ H * T (M p ) is invisible for p / ∈ B, i.e., the only complexified isotropy algebra contained in supp α is t p ⊗ C. Because the equivariant push-forward map H * If this length is s = 1, i.e., the action has only one local isotropy type, we have M = B and the claim is trivial. Assume the proposition is proven for all actions with s < m, and let T act on M with s = m > 1.
Let k j = {0} denote the minimal nonregular isotropy algebras of the action, i.e., if h ⊂ k j is any isotropy group, then either h is the regular isotropy group (i.e., {0} if the action is effective) or h = k j . Consider the map
By Lemma 3.2, the kernel of η consists of those α whose support does not contain any k j ⊗ C. But the k j are exactly the minimal isotropy algebras, so we get ker η = {α ∈ H * T (M ) | α invisible}. By assumption (choose a regular p), such invisible elements do not exist, so η is injective. The longest chains of isotropy algebras for the T -actions on M kj are shorter than the one of the action on M , so by induction we know that the maps
, induced by the inclusions, are injective. It follows that
is injective. But this map consists only of copies of the natural maps induced by the inclusions of components of the bottom stratum, and thus, H * T (M ) → H * T (B) has to be injective itself.
Next, we find a geometric consequence of the existence of an invisible element α ∈ H * T (M ). Duflot [Duf 1983, proof of Theorem 1] proves that for every i, the push-
is injective, i.e., the corresponding Gysin sequence is in fact a short exact sequence Proof. If we can show that an invisible element can never be in the kernel of
) for i < r, then the claim follows. This kernel is by (9.1) the same as the image of (ϕ i ) * . For any ω ∈ H * T (M (i) ), we have supp(ϕ i ) * ω = supp ω because of the injectivity of (ϕ i ) * . But on the other hand, if we choose a point p j in each connected component of Proof. Assume without loss of generality that the T -action is effective. Let α ∈ H * T (M ) be invisible. By Lemma 9.2, α defines a nonzero cohomology class in H * T (M reg ) = H * (M reg /T ) = R, which implies that α is a 0-form. In other words, 1 ∈ H * T (M ) is invisible. But the support of 1 ∈ H * T (M ) contains the complexification of every isotropy algebra, cf. Proposition 3.3. This means that the action is locally free, i.e., M reg = M . As M reg /T satisfies Poincaré duality, this is only possible if M reg /T = M/T is a point, i.e., the action is transitive. Remark 9.5. For torus manifolds, the notion of face-acyclicity as introduced by [MaPa 2006 ] is the same as our condition of having closed-face-acyclic orbit space, but note that they use integer coefficients instead of the reals.
With this notation, we obtain Theorem 9.6. If M/T is almost open-face-acyclic, then the natural map H *
Proof. This is just Proposition 9.1, combined with Corollary 9.3 for every M p .
Actions with face-acyclic orbit space
The (1) B is connected.
(2) The orbit space is open-face-acyclic, i.e., B consists of finitely many isolated orbits. Moreover, they are all of the same dimension, i.e., there exists b such that M b = B. In addition, M b+1 is connected.
Proof. Assume that B is not connected. In particular, the action is not locally free and hence has at least two local isotropy types.
Let B 0 be a component of B. We have to show that B 0 is an orbit. The components M p of isotropy manifolds are partially ordered by inclusion, the unique maximal element being M itself. Since the bottom stratum of M is disconnected by assumption, we may choose a minimal such component M p with the property that the bottom stratum of the T -action on M p is disconnected, but contains B 0 . Let the other components of the bottom stratum of M p be denoted by B 1 , . . . , B s .
We claim that M p sing is disconnected. Assume this is not the case, and recall
For every q ∈ M p with t p = t q , the bottom stratum of the T -action on M q is connected, and hence one of the B i , i = 0, . . . , s. Further, for two such singular points q 1 , q 2 ∈ M p such that M q1 ∩ M q2 = ∅, their respective bottom strata are, because of connectedness, contained in M q1 ∩ M q2 and coincide. Therefore, if we let
is a disjoint union into nonempty subsets, and hence M p sing is disconnected.
Consider now the first terms of the long exact sequence in basic cohomology of the
, and M p reg /T satisfies Poincaré duality, the almost open-face-acyclic condition implies that the T -action on M p has cohomogeneity one. In particular, it has exactly two singular orbits, one of which is B 0 . Because T is a torus, the regular orbits are S 1 -fibre bundles over the singular orbits, and hence the two singular orbits have equal dimension.
It follows that B consists of isolated orbits, and whenever two of those orbits can be joined by a sequence of M p 's such that the T -action on M p has cohomogeneity one (we say: they are linked ), they are of the same dimension. We still need to show that any two of those orbits are linked. If this was not the case, choose an arbitrary component B 0 , and let M p be minimal with the property that the bottom stratum of M p has a component linked with B 0 and a component not linked with B 0 . In other words, for all singular q ∈ M p , the components of the bottom stratum of M q are either all linked with B 0 or all not linked with B 0 . By an analogous argument as above, M p sing is disconnected. But this implies that the T -action on M p has cohomogeneity one, which is a contradiction.
Example 10.2. An easy example for an action whose orbit space is almost openface-acyclic but not open-face-acyclic, is the S 1 -action on M = S 3 = {(z, w) | |z| 2 + |w| 2 = 1} ⊂ C 2 is given by t · (z, w) = (tz, w). The orbit space M/S 1 is the disk D 2 , and M
For the rest of the section, b will denote the dimension of the smallest occuring orbit.
Lemma 10.3. Let T act locally freely on a manifold M (e.g. the regular stratum of another T -action) such that H 2 bas (M ) = 0. Then for every p ∈ M , the map in cohomology H * (M ) → H * (T ) induced by the orbit map T → M ; t → tp, is surjective.
Proof. It suffices to prove that H 1 (M ) → H 1 (T ) is surjective, as H * (T ) is generated by H 1 (T ). Fix a basis X 1 , . . . , X r of t, with dual basis u 1 , . . . , u r ∈ t * . Let ω : T M → t be a connection form, i.e., a T -invariant map such that for every p ∈ M , we have ω(X i (p)) = X i . Note that a choice of connection form is equivalent to the choice of a T -invariant horizontal distribution, e.g., the orthogonal complement of the orbit with respect to some T -invariant Riemannian metric on M . Using the exact cohomology sequences of the respective pairs, the first part of the corollary implies that each of those maps is an isomorphism if j < i.
The same argument gives that each map in the composition 
Proof. Proposition 10.4 implies
Corollary 10.8. If the orbit space of an effective T -action on an orientable compact manifold M is open-face-acyclic, then for all p ∈ M , we have dim ν p M p = 2 dim T p . Consequently, the natural T p -representation on the normal space ν p M p has exactly dim T p weights.
It follows that the T p -representation has at most dim T p many weights. Because of effectiveness, the second claim follows.
For any q ∈ M p , the isotropy representation at q induces T q -representations on the tangent and normal spaces T q M p and ν q M p . We have
V γi , where the V βi and V γi are the weight spaces of the respective weights β i , γ i ∈ t * q . Because t p ⊂ t q acts trivially on
ker γ i . The restriction map β i → β i | tp is a one-to-onecorrespondence between the weights of the T q -and the T p -representations on ν q M p . The weights are constant along M p in the following sense:
Lemma 10.9. The weights of the T p -representation on ν q M p , coincide with the weights α i of the T p -representation on ν p M p . Moreover, the normal bundle νM p splits equivariantly as
Proof. This is essentially Example 10.14. Consider the T 3 -action on M = S 5 = {(z i ) ∈ C 3 | |z i | 2 = 1} given by (t 1 , t 2 , t 3 ) · (z 1 , z 2 , z 3 ) = (t 1 z 1 , t 2 z 2 , t 3 z 3 ). The bottom stratum M 1 consists of the three one-dimensional orbits, which are circles, and M 2 /T 3 is a triangle. The diagonal S 1 ⊂ T 3 acts freely on S 5 , with S 5 /S 1 = CP 2 . The induced T 2 -action on CP 2 has the same orbit space as the T 3 -action on S 5 .
For every oriented edge e = M p /T , let i(e) denote the initial vertex, t(e) the terminal vertex, and we write M e = M p . There is a unique weight α(e) ∈ t * i(e) of the T i(e) -representation on ν i(e) T i(e) with kernel t p .
Lemma 10.15. For every two edges e and f with i(e) = i(f ), there is a unique edgeẽ with i(ẽ)
Proof. This is a consequence of Lemma 10.9 and the discussion preceding it. Lemma 10.16. Let F = M p /T be a face, and 2k the codimension of the closed
Proof. For q / ∈ M p , the statement is obvious, so let q ∈ M b ∩ M p . By Lemma 10.9, the normal bundle νM p splits as the sum of T -equivariant two-plane bundles
where T q is a complement of the identity component T 0 q in T , i.e., T = T q × T q . We calculate the Euler class of the T -equivariant bundle T q × C → T /T 0 q = T in a way similar to [GGK 2002, Lemma I.3] . See also [BoTu 2001 ] for the description of the equivariant Euler class in the Cartan model. Note that this bundle is trivial as a T q -equivariant bundle. For this, we choose a T -invariant connection form Θ ∈ Ω 1 (T q × S 1 ) T such that the T q -orbits are horizontal. Denoting the natural projection T → T q by ρ, one shows as in Lemma I.3 of the reference above that
for all ξ ∈ t, where π tq : t → t q is the projection along the decomposition t = t q ⊕ t q . The form part vanishes because the curvature of Θ is zero by choice of Θ. Using the isomorphism ρ * :
Note that because of the lemma, the restricted Euler class E F | T q is independent of the chosen orientation of the normal bundle.
The next lemmas are analogous to Lemma 6.2 and 7.3 of [MaPa 2006 ]; the only difference is that we are not allowed to subtract the restrictions of equivariant differential forms to different components of the bottom stratum.
Lemma 10.17. Let N be a closed invariant subspace of M containing M b+1 , and ω ∈ H * T (N ). Choose an edge e and write [p] = i(e) and [q] = t(e). Then the polynomials ω| T p ∈ S(t * p ) = H * T (T p) and ω| T q ∈ S(t * q ) = H * T (T q) coincide on the intersection t e = t p ∩ t q , where t e is the isotropy algebra of M e .
Proof. Using Lemma 3.1, we obtain the following diagram, in which the upper right space is nothing but S(t * p ) ⊕ S(t * q ). , we see that the image of ω in the bottom right space is of the form ( i ω i | T p ⊗ f i , i ω i | T q ⊗ f i ) for some f i ∈ S(t * e ) and ω i ∈ H * (M e ). As the restrictions of ω| T p and ω| T q to S(t * e ) are given by those summands for which ω i is a 0-form, the lemma follows.
Let F be a face of M/T , and [q] ∈ F a vertex of F . We denote by I(F ) [q] ⊂ S(t * q ) the ideal generated by all α(e) with e ⊂ F .
Lemma 10.18. Let N be a closed invariant subspace of M containing M b+1 , and let F be a face of M/T . For every ω ∈ H * T (N ), if ω| T p / ∈ I(F ) [p] for some vertex [p] ∈ F , then ω| T q / ∈ I(F ) [q] for every vertex [q] ∈ F .
Proof. Suppose ω| T q ∈ I(F ) [q] for some vertex [q] ∈ F , i.e.
ω| T q = e⊂F : i(e)= [q] α(e)g e for some g e ∈ S(t * q ). Now choose another vertex [q] that is joined to [q] by an edge f . By Lemma 10.15, for every e in the sum above there is a unique edgeẽ ⊂ F with i(ẽ) = [q] such that α(ẽ)| t f = α(ẽ)| t f . If we define η := e α(ẽ)gẽ ∈ I(F ) [q] where gẽ ∈ S(tq) is any polynomial with gẽ| t f = g e | t f , then Lemma 10.17 implies that ω| Tq − η ∈ S(t * q ) vanishes on t f . In particular it is divisible by the weight that vanishes on t f , and hence ω| Tq ∈ I(F ) [q] .
This completes the proof because the b+1-skeleton of F is connected by Proposition 10.1. Note that the tetrahedron also appears as the orbit space of e.g. the T 4 -action on S 7 = {(z i ) | |z i | 2 = 1} ⊂ C 4 given by (t 1 , t 2 , t 3 , t 4 ) · (z 1 , z 2 , z 3 , z 4 ) = (t 1 z 1 , t 2 z 2 , t 3 z 3 , t 4 z 4 ), with the vertices corresponding to the one-dimensional orbits. By Theorem 10.24, this action is Cohen-Macaulay, with H * T 4 (S 7 ) of Krull dimension 3. In fact, H * T 4 (S 7 ) is isomorphic to H * T 3 (CP 3 ) as a ring. In view of Remark 6.3, this is clear as the diagonal circle S 1 in T 4 acts freely on S 7 such that the induced T 3 -action on S 7 /S 1 = CP 3 is the action described above.
